SOME MIXED HODGE STRUCTURES ON I 2 COHOMOLOGY OF 
COVERING OF KAHLER MANIFOLDS I. 



P. DINGOYAN 



Abstract. We give methods to compute I 2 — cohomology groups of a covering manifold obtained 
by removing pullback of a (normal crossing) divisor to a covering of a compact Kahler manifold. 

We prove that in suitable quotient categories, these groups admits natural mixed Hodge 
structure whose graded pieces are given by expected Gysin maps. 



1. INTRODUCTION. 

1.1. Let p : X — > (X,lo) be a Galois cover of a compact Kahler manifolds with covering group G. 
Let N(G) be the (left) group Von Neumann algebra of G. Let (S k ~ q ' q (X), d) and (S k ~ q '^ (X),d) 
be the complexes built on differential q— forms (resp. (p,q)-forms) of Sobolev class k — p (k G N 
big enough). We have the following morphism of (left) N(G)— modules: 



Imd , „(p,q) f y ,_ nj{p,q) - Imd 



Kodaira decomposition: HL 2) (X) = H r d(2) (X) © — — and H^' (X) = W* 



d ^ ^>^lm~d ailu 11 9(2) ^ > n a(2) - 
Kahler condition: H r d(2) (X) = ® p+q=r U%fAX) 



Hodge to De Rham spectral sequence: H^ q ^(X) H^ q (X) 



1(2) \ yv ) - ^p+q=r n.^ (2 

- ■ 



with n r d(2) (X) and H<j?:«hx) respect ive harmonic spaces associated to Laplace operators 



and Ag 

A torsion theory r = (T, J-) on Mod(A r (67)) (category of N(G)— modules, T is class of torsion 
modules, T class of free modules; see 12.41 and 13- 1[) is given by a Serre class T of N(G)— modules: 
T is a stable by extension, quotient and submodule. Then in quotient category Mod(JV(G)) / / T , a 
module A G T is isomorphic to {0}, a morphism a G HomjsrrG)(-> ■) defines an inversible [a] G 
Homff(G) /t (' ' •) ^ kernel and cokernel are in T . Moreover reduction functor Mod(N(G)) — > 
Mod(N(G))/ T is exact. 

Then Theorem 13.41 shows that interpretation of Kahler condition gives: 



Imd 

Theorem 1. Let r = (7~, J 7 ) be a real torsion theory such that = G T ■ Then Hodge to de Rham 

Imd 

spectral sequence H^ q -^(X) =4> H^ q (X) degenerates at E\ in quotient category Mod{N(G))/ T 
and isomorphism (B p + q=r 'H^'^ (X) ~ H d ^(X) in Mod(N(G))/ T defines a r— Hodge structure on 

H d(2)( X )- 

1.2. Recall that a mixed Hodge structure is built as successive extension of pure Hodge structures. 
The purpose of this work is to put a mixed Hodge structure modulo a torsion theory (localisation 

at a full thick subcategory) on I 2 — cohomology groups H' d r 2 \{X\D) when D C X is a normal 
crossing divisor. 

Let p*(2)K — > X, J3*(2)C —> X be the sheaves of L — direct image of locally constant function 
(locally isomorphic to the constant sheaf 1 2 {G, K) and Z 2 (G,C)). Let {p^ 2 )Q,' x {logD), W, d) — > X 
be the sheaves of L 2 — direct image ([4]) of the complex of logarithmic forms with pole on D with 
its weight filtration W . Theorem 14.51 implies 

Theorem 2. Let p : X — » X be a Galois covering of a compact Kahler manifold. Let G be its 
group of deck transforms and let N(G) be its von Neumann algebra. 

l 
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Let D — D\ U . . . U Dk — > X be a normal crossing divisor in X . Let r — (T, J~) be a real torsion 
theory on Mod(N(G)) and let Mod{N{G)) / T be the quotient category. 

A) Isomorphism 

(1) H-(X\D,p <2) C) - N(G , C) m-(X,(p <2) n- x (logD),d)) 

( valid for any complex manifold X ) induces a weight filtration W and a Hodge filtration Fi n d . 

B) Assume the Hodge to de Rham spectral sequences of each Dj := p~ 1 (r\aziDi) (D$ := X) degen- 
erates in Mod{N(G)) /r : 

(2) VI G V({1, k}), Vr G N, H^Dj) ~ ®H^ 2) (Dj) m Mod(N(G))/ T . 
Then 

i) weight spectral sequence 

(3) E-™ +n {W) = W\X, (p <2) Gr™n x (logD)) ~ iq$(U w=p Di) => H n (X \ D,p <2) C) 

degenerates at E 2 in Mod(N(G))/ T . 

ii) Hodge spectral sequence E^' q — H q {X,p^2)^l x {logD)) H^S{X\D) degenerates at E\ in 
Mod(N(G))/ T : induced filtration Fi nc i and recurrente filtration F rec are equal in Mod(N(G))/ T . 

1.3. Above spectral sequences are valid on general complex manifold X and may be realised 
through various Sobolev spaces. 

From Deligne [B], one deduce quickly that category of mixed Hodge structure mod r (see def. 
14.2.11 ) is abelian. 

We will give some details of the following basic principle in theory of mixed Hodge structures. 

Degenerescence (mod some torsion theory r) of Hodge to de Rham spectral sequence of each 
covering Di — > Di implies degenerescence of the weight spectral sequences at E 2 (in simple words: 
It is enough to control first constituant within a torsion theory to obtain control of the whole 
spectral sequence). 

1.4. It is a priori not clear wich object becomes isomorphic to {0} in a quotient category . If X 
is a compact Kahler manifold, there exists a scale of torsion theories wich gives non trivial mixed 
Hodge structure: 

Let Tdim be the torsion theory such that module of zero G— dimension are torsion. From Atiyah 

Imd 

CD, reduced cohomology spaces are of finite G— dimension and dim N ( G ) = 0, 

^ ; Imd 

Imd 

AiuY N i G \ = = 0. Reduction of above spectral sequence to Mod(iV(G)) Tdi7ll always defines a 

Imd 

mixed Hodge structure and isomorphism E 2 — i?oo in Mod(N(G)) / Tdim gives expected realisation 
in term of harmonic spaces and Gysin maps: 

E™{W)^U^{D P ) 

E^(F)^Hl (2) (n x (logD)) 

(after a choice of hermitian metric on vector bundles Q,' x (logD)). Count of dimensions prove 
for example that Gr™ Hf 2) (X\D) is isomorphic (in Mod(N(G))/ Tdim ) to U l {T,i 2 {G)) the first 
(reduced) homology group of the dual CW-complex associated to D — >• D. 



1.5. Finer torsion theories are available: We prove in lemma [5TT1 that for any a G Imd, there 
exists r G N(G) an almost isomorphism (injective with dense range) such that ra G Imd. 

This is a particular case of the T— lemma 12. 2. 81 wich is well known to operator algebraists. 

Let U(G) be the ring of affiliated operator of N(G): it is the quotient ring of N(G) by the 
multiplicative set of almost isomorphism (see Luck [23] Chap. 8). Above lemma reads 



Imd 

U{G) ® N{G) =0. 
Imd 
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Therefore working in Mod(N(G)) / Tu(G) allows easy computation with Hilbert Modules (one could 
also work directly in category of 14(G)— modules and associated sheaves). 

1.6. Let Af(G) be the local constant sheaf associated to N(G). There is a natural exact functor 
N from sheaves on X to sheaves of Af(G) — modules given by _F — > A/"(G) <S>c[G] P\P*J~. (pi is direct 
image with compact support). Let K, be a cohomological Hodge complex of sheaves on X. Then 
N(K) view as a complexes of J\f(G)— sheaves modulo Tdim should be a minimal (Tdim, r,ii m )-CrIMC 
(see 14. 7p . In this article we obtain a (0, 7*t^)— CHMC, wich might be view as a maximal object 
621). 

1.7. In last section, we treat simple examples through various choice of torsion theories. 

1.8. In this article, we focus on the technical part of mixed Hodge structure modulo some torsion 
theory. In a subsequent paper, functoriality, geometrical and analytical applications will be given. 

1.9. We give a short list of references: 

- We tried to follow articles of Deligne [5], [7J- The reference books of El Zein [T5],Voisin |36| . 
and Peters Steenbrick [55J contains steps to mixed Hodge structures and we extracted from [55] 
presentation of this theory. 

- Article of Farber ffj] defines an abelian category (objects are morphisms (/ : A\ — > A2) of finitely 
generated N(G)— module, morphisms are the natural one) in order to deal with non closed range. 
According to Freyd [TS] , this is the smallest abelian category wich contains category of finitely 
generated hilbertian modules. Farber already develops homological algebra for theses modules. 

However calculus in this category are not so easy (Objects are 2— term complexes) and localisa- 
tion seems more appropriate in order to use sheaf theory. 

- Article of Atiyah Q~], Cheeger GromovJS], Shubin [35] give foundational results. In [5], [35] exact 
sequences of Fredholm complexes are strudicd. 

- Article of Shubin |35J contains already results on existence of distributional sections with prescribed 
singularity. It covers (in a short format) needed analytical results on Von Neumann algebra, 
G— Fredholm operators and Sobolev spaces (see also Ma Marinescu [24]1. 

- Article of Eyssidieux [T3J propose, following method of Farber, a construction of L 2 — direct image 
for coherent sheaves and compute its derived category (It is also suggested in the introduction to 
developpe L 2 — mixed Hodge structure and may be L 2 — intersection cohomology). 

- Article of Campana Demailly T defines L 2 — direct image of coherent sheaf and gives functorial 
properties that will be used in this article. 

- In Chapter 6 of Luck [23], an algebraic treatment of I 2 — cohomology is given. A dimension for 
any (abstract) N(G)— module is defined, and it is proved that the ring N(G) is semi hereditary 
(finitely generated submodule of a projective module is projective). Then subsequent results are 
essentially stated using dimension torsion theory. 

In chapter 8 and article of Sauer, Thorn [29] , torsion theory and homological algebra associated 
with dimension function or affiliated operators is used. 

1.10. My hearty thanks go to S. Vassout and G. Skandalis for illuminating discussions on Von 
Neumann algebra. 

2. PRELIMINARIES. 

2.1. real structures. 

2.1.1. Godement resolution. (See Godement T7]or Bredon [2]): Let X be a topological space. Let 
R be a ring and TZ be the sheaf of rings it defines. Let A be a sheaf of (left) TZ— modules, let 
C*(X, A) :— (Ccod (X 7 A) , d) be Godement resolution ([T7] p. 168) by sheaves of TZ— module with 
differential TZ— linear. Then 

A^C*(X,A), A^C*(X,A) = (T(C God *(X,A)),d) 

are covariant additive exact functors with value in the category of differential TZ— sheaf, resp. 
cochain R— complexes. If X is clear from the context, we write C*(A) 1 . . . 
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If (J-',d) is a differential sheaf, let C (T') be the total complex associated to the double complex 
CGod 9 {X, Let j : Y — >• X be a continuous map and (J-~ , d) be a diferential sheaf of 7?.— modules 
on y. One sets R'j„J-' ■= j*C'(F') 

2.1.2. real structure. Assume that R is a R— algebra, then any sheaf of TZ— modules is also a sheaf 
of R— vector spaces so that A (8>k C is a sheaf of 1Z <8)r C— left modules. Let i : A — > A ®r C. 

Then 

(4) i*(^.)® R c -> j*(^l® R C) 

(5) C*(X,A)® R C C ' ( M lc C*(X,A® R C) C*(X,A)®mC C '^ 1c C*{X,A® R C) 
are 7?. (g> C— isomorphisms (resp. i? (8> C— isomorphisms). 

2.1.3. A real structure on aK®iC sheaf £> is a 7\L— subsheaf A A- B such that .4 <g)R C l ^i c B is 
an isomorphism. It induces a real structure on Godement resolution. 

Then H ' (A, .A) ® R C -> ff (A, A <8> K C) is a i? <g> K C isomorphism. 

2.1.4. Let G be a discret group with left action of Z[G]. Let N(G) = N t (G) be the left von 
Neumann algebra of G. 

Then M[G] —isomorphism l 2 (G,C) 3a-> Re(a) + ilm(a) G l 2 (G, R)®C induces decompositions 

(6) End c {l 2 {G,R) ®C) ~ End m (l 2 (G, K)) ® C 

(7) Bnd C [ G] (P(G,M)(8)C) ~ ^nd R[G] (/ 2 (G,R)) ® C 

(8) N r (G,C) ~ A r (G,R)®C 

Left action of G on ? 2 (G,R) defines a left action of G on End M (l 2 (G, R)) and End c l 2 (G,C) 
so that g(m(a)) = (gm)(ga). Continuous invariant morphism for this action are N r {G, R) and 
N r (G, C). An element of p(/) £ N(G,C) is represented by right convolution with a function 
/ G Z 2 (G,C) wich is moderate (Dixmier 013.8.3): 3C > : V.g G C[G], ||.g*/|| 2 < G|| 5 || 2 . Then 
/o(/) G N r (G, R) is equivalent to / real valued. 

Above isomorphism induces isomorphism N(G,C) ~ A(G, R) ® C. Note that C[G] is identified 
to a subring of N(G,C). 

2.2. A T— lemma on von Neumann algebra. Survey on von Neumann algebra is given in Luck 
[23 chap. 9. See also Pedersen [27], Dixmier [5]. 

Definition 2.2.1. Let A be a Von Neumann algebra on a separable Hilbert space. Let A+ be the 
cone of positive operator in A. 

1) A trace is a function t : A+ — > [0, +oo] such that if A > and x,y G A+ then t(\x) — \t(x), 
t{x + y) = t(x) + t(y) and for all unitary u G A, t(u*xu) — t{x). 

2) A state is a positive functional of norm one: ip G A such that ip(A+) C R + and <p(l) = 1. 

3) A trace or a state is normal if it is continuous on increasing limit of net. 

3) Defines the left kernel of a trace or a state ip by L v — {x G A : (p(x*x) — 0}. One says that ip 
is faithful if L v = 0. 

4) A faithfull trace is called finite if t{l) < +oo (and A is then called finite von Neumann algebra). 
It is called semi finite if A + = {y G A+ : t(y) < +00} is weakly dense in A+. Then for all x G A+, 
t(x) = sup t(y). 

y<x, y£A\_ 

Example 2.2.2. 

1) Let e G 1 2 {G) be the function g — > S e (g) and e the unit element. Then trace of n G Ni(G) or 
N r (G) is trjv(G)^ :=< n(e),e >. 

2) Let Trn be the Hilbert Schmidt trace on B(H): Tract = ||a(ei)|| 2 with (ej)j £ N an orthonor- 

i 

mal basis. Then Tr H ® tr W (G) defines a semi-finite trace on B(H) <g> A(G). If t G S(7J) ® A(G) is 
a positive element represented (in a orthonormal basis) by an infinite matrix (riij)ij of element in 
N(G) then TrT = tr N{G) n u . 
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3) If 7r : A — > B(H) is a representation, let £ G H of unit norm. Then x >->•< ir(x)(, £ > is a positive 
functional of norm 1, called the vector state associated to (ir, H, £). 

Traces and states satisfies Cauchy-Schwartz inequality: 



Therefore, left kernel L v of ip is a linear space. Define a scalar product on A^/L^ (wich is equal 
to A/Kenp if ip is a state) by (£ x , Cy) '■— l f{y* x ) with x i— >■ £ x be the quotient map. 

The GNS (Gelfand-Naimark-Segal) construction is obtain by completion of this pre-Hilbert space 
(see Pedersen [27] 3. 3): 

Lemme 2.2.3. 

1) Let if be a positive functional on A, then there exists a cyclic representation (tt Vi H^,^) such 
that < n v (x)Cp,C v >= <p(x). 

2) Let ip' be a positive functional such that ip < ip, then there exists a unique a £ ir v (A) , < a < 1, 
such that <p'(x) = (^(^aC^, £ v ). 

3) Hence (tt v i , H^i , C, v i ) is a subrepresentation of {tt v , H v , C, v ) . 

4) Let ip be the vector state associated to (tt, H, £), then A/Kerp 3 x M> xC G H defines a A— linear 

isometry between (tt v , H v , ( v ) and (ir,ir(A)(^ , £). 

5) iss«me that p is a faithfull state, then for any state ip on A, (jTip', H v i, Cp') is a sub- represen- 
tation of H V ,Q V ). 

Recall that a representation (tt, H, () of A is said to be cyclic if n(A)( is dense in H. 



1) Let H v be the Hilbert space completion of (A/(Kerip), (.,.)). Then A/(Kenp) — > H v is dense. 
Defines TT v (x)( y — C, xy . One checks that this defines a continuous operator n v (x) on A/Kerp. It 
extends as a continuous operator on H v . Identity (7r v (x)Cy, Cz) — V ? ( z * a; Z/) = (Cyi 7r v( a -*)Cz) proves 
that n v is a representation. Let e be unit of A. One set £ v = Ce- Then orbit of £ v is dense in 
H v . 

2) Densely defined positive bilinear form B(( x ,( y ) :— <p'(y*x) is bounded by (Cx,Cy)- Friedrich 
extension gives a unique operator a on H v such that B{C, Xl C,y) — {a-C,x,Cy)- One checks that 
a G 7r v (^.)' and < a < 1. 

3) Let a 5 be some positive square roots in ir v (A)' . Then 

(7r V '(z)^, Cy)ip' ~ L p'{y* zx ) = (^(^O^Cx) a^Q) v . Hence densely defined morphism 

a 5 : A/(Kerp') — > A/(Kerp) extends as an isometric morphism U : H v > — > H v wich interwines 

7r V ' and tt v and such that J7(Cp') = a 5 Cv 

4) is clear. 

5) From (2), (3), one gets a subrepresentation (7r v , H v , ( v ) — > (71-^+^/, Cp^/) with dense 
image (for (/? is faithfull). Hence representation tt v and n v+lp i are isomorphic. But ir V ' is a sub 
representation of ir^+tp'. □ 

Note that Hilbert space completion is solution of a universal problem. This implies that natural 
bounded morphism {A/ {Kerp), (., .) v ) — > (A/ (Kerip 1 ), induces a morphism H v — >• B. v l 

2.2A. Standard form. A similar statements holds for the GNS construction associated to a trace. 
Note however that unitary invariance of a trace t implies that t(xy) — t(yx) on A 2 - This gives 
further property to associated GNS space: Let (A, t) be a von Neumann algebra with a normal 
faithfull tracial state (a continuous positive linear formy such that p(l) = 1 and ip is a normal 
trace). Then (x,y) H> t(y*x) — (x,y)t is a scalar product. 

Let (7r t , I 2 (A, t), £ t ) be the Hilbert space obtains through GNS construction and called it the 
standard form associated to (A,t). 

A vector ( G Z (.A, t) defines two closed, densely defined, unbounded operators: 



(9) 



\ip{y*x)\ 2 < p(x*x)ip(y*y) on A£ = {x E A : p(x*x) < +00} . 



Proof. 



(10) 
(11) 



A(C) : D(A(0) = CtA' 3 <; t x' ^(x' €l\A,t) 
p(0 : D(p(C)) = ACt 3 x( t ^x(el 2 (A,t) 
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The isometric densely defined operator A 3 x — >• x* G A extends to J : L 2 (A 7 t) — > L 2 (A,t) wich 
is conjugate linear, isometric and involutive. 

Lemme 2.2.5. 

1) 14(A) = X(A) and V(A) = p(A) are von Neumann subalgebra on l 2 (A,t) such that JU(A)J = 
V(A) and 14(A)' = V(A). 

2) Let Q G l 2 (A,t). Then p(Q is bounded iff A(£) is bounded. 

Proof. 

1) see Dixmier [9|I.6.2 theorem 2 and 1.5.2. 

2) see Dixmier [9 1.5.3. □ 

Therefore we assume that A is a von Neumann sub-algebra of B(L 2 (A, t)) and let A' acts on 
L 2 (A, t) on the right. 

Example 2.2.6. Let G be a discret group, let Ni(G), N r (G) left (resp. right) von Neumann 
algebra generated by left (resp. right) translation. 

Then Ni(G)' = N r (G) and N r (G)' = N t (G) (Dixmier [9]I.5.2). 

If L G Ni(G), there exists a unique I G l 2 (G) such that L(f) = Z * / (convolution product). Let 
h G l 2 (G) then 

X(h)(f) :=h*fe l 2 (G) and p(h)(f) := f * h e l 2 (G) 
on respective domains. Then p(h) is bounded iff X(h) is bounded and in this case, X(h) G Ni(G), 
p(h) G N(G)d (Dixmier [9]III 7.6). It is apparent on x — > h*x*h' that right and left representation 
commute. Note that standard form of (Ni(G),tr) is (A, l 2 (G),e). 

Closed densely defined unbounded operator p(x) with x G l 2 (G) are particular cases of operators 
affiliated to N r (G): 

Definition 2.2.7. (Murray-Von Neumann j26j chap. XVI) Let A be a finite von Neumann algebra 
on H . A closed densely defined operator h : D(h) — > H is said to be affiliated to A if it commutes 
with A' : for all unitary u G A , uD(h) = D(h) and uh = hu. 

Then (see Pedersen [57]5.3.10) from the bicommutant theorem, it follows that h is affiliated to 
A iff f(h) G A for every bounded Borel function on Spec(h). In particular, if h > then h is 
affiliated to A iff (1 + eh)~ 1 h G A for some e > 0. 

An essential property of affiliated operator to (A, t) , a finite von Neumann algebra, is that they 
form an algebra (a property valid for more general semi-finite von Neumann algebra, see Luck 
[13]Chap.8, Murray-Von Neumann gS]Chap. XVI, Shubin [35]): 

The following lemma is a variation on the description of Ni(G)f in term of affiliated operator as 
in Murray-Von Neumann [26]9.2, developped as Radon-Nykodim theorems in Dye [11], Pedersen 
[27]5.3 : 

Lemme 2.2.8 (The T— lemma). Let (A, t) be a finite von Neumann algebra. Let n : A — > B(H) 
be a faithfull represention of A as a von Neumann subalgebra of ' 13(H). Let T be an operator in the 
commutant tt(A)' ofTr(A). For any C G ImT, there exists r G A such that Tr t (r) (K2.4^ is infective 
with dense range and Tr(r)( G Im(T). 

Proof. 

1) Assume that H = l 2 (A,t) and that p((), T G A' have dense ranges. Then T = p(r) with r G A 
(I2.2.5j) . Let T _1 o p(£) = up be the polar decomposition of operator T~~ 1 p(() affiliated to A' . Then 
u is an isometry, p is positive, u, p are affiliated to A 1 . But up = [u(l + p)^ 1 p](l + p). Note 
that 1 +p > 1 hence (1 +p) _1 , (1 +p)~ 1 p G A'. From (|2.2.5[) , there exists a,y G A, such that 
(1 +p)~ 1 = p(a) and p(y) = u(l +p)~ 1 p. Then p(Q o p(a) — To p(y). But p(a) o p(£) = p(a.() and 
T ° P(v) = P(T(yj) (identity is valid on the dense subset A). Then Im(p(a)) — D(l + p) is dense. 

2) Let C 6 TrnT- Then ir(A)( C TroT. Let T ± : KerT^ -)• TroT. Then 

T' = Tj_ 8 Wp^t) : TjjVC/tjC] © ^ 2 (Ai) -> M-4)C] © ' 2 (A<) 

is a ^4— linear injective morphism with dense range. Moreover vector state associated to (£, 1) 
(x — >< tt(x)(, C > +t(a;)) dominates i. Using GNS construction 12.2.31 (5). one deduces that there 



SOME MIXED HODGE STRUCTURES ON I 2 -COHOMOLOGY OF COVERING OF KAHLER MANIFOLDS I. 7 

exists ^-isomorphism (not isometric) U\ : T~[ 1 [k{A)C\ ® l 2 (A,t) -> l 2 (A,t) and U 2 : [n(A)C] © 
l 2 {A,t) -> l 2 {A,t). Setting C = L7i(C, 1) and f = C/ 2 o T' o J/f 1 , we apply (1) to conclude. 

□ 

In particular, if x £ l 2 (G), conductor of p(x) £ U(G) to N r {G) is non trivial. 

2.3. N(G)— Hilbert Modules and von Neumann dimension. A (left) N{G) — Hilbert module 
is a Hilbert space V with an unitary action U(.) of G such that V is G— isometric to a G invariant 
subspace of the free Hilbert N(G)— module H®l 2 {G). Then the von Neumann generated by {?/(.)} 
is isomorphic to Ni(G). If dime H < +oo, then V is said to be finitely generated. 

Example 2.3.1. (see Shubin [32] section 3) If E X is a pullback of smooth vector bundle 
E — > X under a G— covering map X — >• X, then space IV s (X,i?) of section of E with coefficient 
in Sobolev space are N(G)— Hilbert modules. 

If V is embedded as a closed G— invariant subset of if ® 1 2 {G), let P £ N r {G) (g> £>(i7) be its 
projector. Defines dim N ( G jV := TrP. 

A left N(G)— Hilbert submodule V of l 2 (G) n is defined by a G— equivariant orthogonal projection 
p onto V. Then p is identified with a matrix (p-y) £ M n (N r {G)) and dimpf^V = t?'jv(G).P := 

n 
i=l 

A finitely generated projective N(G)— module is represented by an idempotent matrix A £ 
M n (N(G)). Then dim N ( G) P := tr N[G) A. Let M £ Mod(JV(G)). In Liick [2^] Chap. 6 a dimension 
function on Mod(7V(G)) is defined: 

dimj^iQ\M := swp{dimj^(Q\P : P c M a finitely generated projective submodule} . 

Then if V is a Hilbert N(G)— module the two dimension functions agree: both of them satisfies 
that dimension is supremum over finite dimensional subspaces (Liick [33]p.21 th.1.12 and th. 6.24). 

2.4. Localisation at a Torsion theory. 

Definition 2.4.1. A Serre subcategory T of an abelian category A is a full subcategory T of A 
such that for any exact sequence — > A — > B — > G — >• m «4, t/ien 

BeT Ae T anrf C eT . 

2) In category Mod(R) of R— modules over a ring R, a Serre class T defines a hereditary torsion 
theory t = (T~,J-) on R (Vas [35] . Golan [18| ): Module in T are torsion modules. Defines class of 
free modules T = {F £ Mod(R) : VT £ T, Hom R (T, F) = 0}. 

Lemme 2.4.2. Let r = (7~, J 7 ) &e a hereditary torsion theory, then 

1) J 7 is closed under submodules, direct products and extension. 

2) j4n?/ M £ Mod(R) has a unique maximal r— torsion submodule, denoted T T (M). 

3) j4 hereditary torsion theory is cogenerated by an injective module E: t — (7~. J-) with T 3 S <J=^ 
Hom R {C,E) = 0. 

4) Functor T T (.) : Mod(R) -)• T is a left exact functor (N C M implies that T T (M) C\N — T T (N)). 
Proof. 

2) Let {Ni, i £ A} be the set of all torsion submodule of M. Trivial module {0} belongs to this 
set. Then T T (M) := Ni satisfies required properties for it is a homomorphic images of ffijeA-Wj 

wich is torsion. 

3) , 4) Sec Golan Q~g] p.5 and p. 24. □ 

If T\ and T2 are torsion theories, then t\ is smaller than r 2 (t\ < r 2 ) if 71 C 72 iff Ji D • 
Then if C is a class in Mod(iZ), the hereditary torsion theory generated by C is the smallest 
hereditary torsion theory r such that C C 7~< 
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2.4.3. Quotient category. According to Grothendieck [2T| (1.11) and Gabriel[T6]Chap.3. if T is a 
Serre subcategory of an Abelian category A, there exists a quotient category A/T with same object 
than A and obtained by extending class of isomorphism. Moreover functor A — > A/T is exact. 

Definition 2.4.4. Let t = (T,T) be a hereditary torsion theory on Mod(R). Defines Mod(R)/ T 
to be the quotient category of Mod(R) by the Serre class T '■ 

i) Object of Mod(R) j T are identical with object of Mod(R); 

ii) Morphisms are elements of the following inductive limite 

lim{Hom R (M', N/N') : M' C M, N' C N and M/M', N' G T} . 

Let a G HorriN(G) {M, N) and let [a] be its image in quotient category. Then [a] is a monomor- 
phism (resp. epimorphism, resp. isomorphism) iff Kera (resp. Cokera, resp. Kera and Cokera) 
is a torsion object. 

2.4.5. Torsion theory and complexification. Let R be a ring wich is also an M— algebra then R (§5r 
C is a C— algebra. If A G Mod(P) then C <8>r A has a structure of R (8>r C— module through 
(R, C) -isomorphism A ® R (R ® R C) ->■ A ® R C. 

Forgetful functor </> : Mod(P ®C)3B-> B R G Mod(P) is faithfull and exact and has a left 
adjoint 

(12) (C® R R)® . : Hom R (A,E R ) ~ Hom c ® KR {{C ® K R) ® R A, E) 

Let J = ^(ilds) be automorphism in B R defined by multiplication by i in B and let Jc — 
J ® lc : P_r <8>r C — > B R ® C be its complex linear extension. Let B be the complex conjugate 
fl®iC- module associated to P: Its underliying abelian group is P, and module structure is given 
by the following representation p of R ®r C in End(B): p(r ® c)(6) = (r (g> c).6. Then there is a 
natural antilinear P— isomorphism P —> B. This defines a functor on Mod(5). Moreover antilinear 
R— linear map from B to B' are in bijection with R ® C— linear map from B to P' (or from B to 
P'). AiJ® C— isomorphism from B to P is equivalent with a real structure B ~_r®c ^4 <£>r C on B 
(A G Mod(P)). This defines antilinear isomorphism Hom R ®c(A<3C, E) ~ Pom^c^^C, P). 

Lemme 2.4.6. Let P G Mod(R (g> C), i/ien P fl <g) R C ~ fl ®c B®B. 

Proof. Let P± = — ^ C : B R ® C — > B R ® C be projectors onto eigenspaces { Jc = ±ild}. 

One checks that B 3 b -t P + (b ® 1) G {Jc = and B 3 b -3- P_ (b ® 1) G {Jc = i/d} are 
P g> C— isomorphisms. □ 

Note that B 3 b -3 P+(6 eg) 1) G P,r C is a splitting of natural surjection B R <S>m C — >■ P. 

Definition 2.4.7. (see [18].^ Lei 7 : P — > R ®r C 6e akwe ring extension. 

i) Let t = (P, P) be a torsion theory on Mod(R). Then j*t is the torsion theory on Mod{R ®r C) 
such that B G Mod(S) is 7*t torsion iff B R is t— torsion. 

ii) Let tc = (7c, J~c) be a torsion theory on Mod(R £§)r C). Then 7*tc is the torsion theory on 
Mod(R) such that A G Mod(R) is 7*tc torsion iff A ®r C is tc — torsion. 

One checks that if r is cogenerated by injective I (|2.4.2[) . then 7*t is cogenerated by injective 
I (g>K C. Hence 7*7* t = t for J ®r C I 2 . However if tc is a torsion theory on Mod(P ®r C), 
7*7* t C is in general strictly smaller than tc'. B torsion does not implies B © B torsion. 

Definition 2.4.8. Let tc — (P- C ,P TC ) be a torsion theory on Mod(R ®r C) with torsion functor 
T TC The following properties are equivalent: 

i) 7*7*t c = Tc- 

ii) There exists a torsion theory r on Mod(R) such that re = 7*r. 
hi) T Tc is stable by conjugation. 

iv) VP G Mod(R ® R C), P TC (P) = P TC (P). 
A (hereditary) torsion theory on Mod{R ®r C) is real if it satisfies one of the above properties. 

Example 2.4.9. Let rc be any torsion theory then 7*7*tc is a real torsion theory. 
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Corollary 2.5. 

1) Let (t,Tc,t) be a torsion theories on (R,R(g>C, R) such that r < 7*rc and tc < 7*t' (iff 
T T (S> C C T Tc and [7~ Tc ]r C T t < ). There exists exact functors 

. <g> C : Mod(R) /r ->■ Mod(i? ® C) /rc : Mod(i? ® C) /tc ->■ Mod(R) T > 

such that the following diagrams 

Mod(R) — ^— - Morf(i? <g> C) Mod(R ® C) — Mod(i?) 



Mod(i?) /T — ^ Mod(i? <g> C) /TC Mod(i? <g> C) /TC Mod(i?) /r > 

commute up to an equivalence of functors. 

2) In particular if r = t and re = 7*t, i/ien (. ® C, (.)#) adjoint functors. 

3) Let (r ,7*r) 6e a torsion theories on (R, R®C) such that t < r. Then there exists an exact 
functor from (Mod(R) / T /, Mod{C®R) / 7 , T ') ^° (Mod(R) / T , Mod(C® R) / 7 „ T ) w«c/i commute to tensor 
product up to an equivalence. 

Proof. Kernel of Mod(-R) Mod(C ® R i?) Mod(C ® i?) / Tc is spanned by module M such that 
C (g> M is re torsion wich follows from M being r torsion. One conclude from Gabriel[16] p. 368 
Cor. 2 and Cor. 3 or Faithl5.9. Other assertion are proved in the same way. □ 

Notations 2.5.1. Let r be a (hereditary) torsion theory on Mod(ii). Then r eg) C := 7*r is the 
real torsion theory on Mod(i? ®r C) associated to r. 

Definition 2.5.2. Defines a category 1Z of modules with real structure modr: 
Objects are pair (B, a), B £ Mod(C(x)R) T ^ c with a : B — > C(S)A an isomorphism in Mod(C(S)R) T (g ) c- 
A morphism f : (B,a) — > (B ,a) is a map f : B — >• B such that there exists g : A — > A' with 
lc ® 5 o « = a' o /. 

Lemme 2.5.3. Then 1Z is abelian. 

2.6. Examples of torsion theories. 

2.6.1. From Dickson [8 section 3, if C is a class of modules defines 

(13) L(C) := {B e Mod(-R) : VC G C, Hom R (B, C) = 0}, 

(14) R{C) := {B e Mod(.R) : VC G C, Hom R {C, B) = 0}. 

Then torsion theory generated by tq is given by 7c = LR{C). 

2.6.2. A multiplicative system 5 is a subset in i? stable by multiplication. Then Ts = {M G 
Mod(i£) : Vto G M, 3s G S s.t.sm — 0} defines a Serre class. We are interested in torsion theory 

generated by A — ©KKjr-r with a bounded morphism between N(G)— Hilbert module. If 
A G Mod(R), let 

S = {r£ 7V(G)with dense range : 3a G A with ra = 0} G U a eA(0 : a) . 

Then properties of almost G— dense subset (see Shubin [32]or [26] Chap. XVI) imply that S is 
a multiplicative system. A N(G)— module M is ts = (Ts,J-s) torsion iff Vm G M, 3s e S s.t. 
sm = 0. Note that intersection of multiplicative systems is a multiplicative system. 

2.6.3. According to Luck [23] Chap. 6, there is a dimension function dimjv(G) : Mod(7V(G)) — > 
[0, +oo] defined on N(G)— modules wich is additive on short exact sequences and wich coincides 
with Von Neumann dimension for N(G)— Hilbert modules. 

Therefore 7di m = {M G Mod(iV(G)) : dim^fQ^M = 0} is a Serre class and defines a torsion 
theory r dim on N(G). This torsion theory is real for a N(G)~ module P is projective finitely 
generated iff P is (see[ 
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Standard exemples of T&i m torsion module are given in 13.11 Modules of the shape — with A a 

G— invariant subspace of a finite G— dimensional G— Hilbert modules are zero dimensional. This 
follows from the normality of the dimension function (see a proof in 13. 1|) . 

2.6.4. Algebra U(G) of affiliated operator to N(G) is studied in Murray- Von Neumann [55], Luck 
[23] Chap. 8. and Reich [3D]. 

Elements / G U{G) is a G— equivariant unbounded operator / : dom(f) C 1 2 {G) — > 1 2 {G). Let 
M G Mod(JV(G)). Defines T U (M) := Ker(M -> W(G) ®at (g) M). This defines a torsion class T u 
and torsion theory r^. 

An element m 6 M belongs to Tjj{M) iff there exists an r G N(G) wich is a non right zero 
divisor (iff r is a weak isomorphism) such that rm — 0. Indeed r becomes inversible in hi{G). 
According to Vas 35 p. 9, a module F G Mod(7V(G)) is Ty— torsion free iff F is flat. 
This torsion theory is real for F is flat iff F is. 
Exemples of tu torsion modules are given in 13. II 

2.7. Direct L 2 image. Let p : X — > X be a covering map between complex manifolds. Let G be 
the group of deck transformations. 

Let N(G) := N(G,C) be the its (left) von Neumann algebra, and let Af(G) be the sheaf of 
rings it defines. According to Campana Demailly 0], if J 7 is a coherent analytic sheaf on X, there 
exists a sheaf p*(2)F called direct L 2 image such that f>*(2)(-) is an exact functor on the category of 
coherent analytic sheaves to the category of sheaves (Campana Demailly [4 prop2.6). We change 
from notation of Campana Demailly [4,: our p*(2)F is written there p*(2)F. 

Campana Demailly [4] Cor 2.7 proves 

Lemme 2.7.1. For any analytic coherent sheaf J- , morphism p*(2)0 ® J~ — > P*(2)J~ * s an isomor- 
phism. 

This isomorphism defines on p*(2)^ r a structure of Af(G)— sheaf compatible with natural struc- 
ture of Z[G]— sheaf. 

Definition 2.7.2. Let K be a subring of C. Let p*(2)K be the sheaf defined by the presheaf 

U — > {/ G L 2 (ir~ 1 (U,K)and locally constant} 

Then p*( 2 )(M) is a Af(G, R)— module and p*(2)(C) is a Af(G, C)— module. 

Lemme 2.7.3. Lei D : E ^ F be a differential operator with holomorphic coefficiants between 
holomorphic vector bundles. Then there exists an operator p^^D : p^^E — ► p*(2)-F 

Proof. In local trivialisation 0" ~ E 1 , O m ~ F, _D is given has a/9/ with a/ holomorphic 

|/|<r 

function. p^^E, and p*(2)F are O modules, hence It suffice to study D = di. But the claim is 
then a consequence of Cauchy inequalities. □ 

Lemme 2.7.4. 

-> P*(2)£ -> P»(2)C 4 p*( 2 )^ 1 P*(2)W l -> 

«s weH defined and exact. 

Question: It seems natural to extends functor direct L 2 — images to an exact functor from cat- 
egory of Incoherent modules to category of M (G)— sheaves. So that above lemma and proof of 
prop. 14.11 will be simple consequences. 

3. Hodge to de rham spectral sequence. 

Let p : X — > X be a G— cover. Fix a hermitian (later Kahler) metric on X, takes pullback metric 
on X. Let A be the maximal extension of the Hodge laplacian dd* + d*d on complex forms. Then 
A = (1 + A) 5 is a positive injective operator with dense domain. Let A' P ' q be the sheaf of currents 
of bidegree (p, q), and let A' k be the sheaf of current of degree k. Let s G R. Define Sobolev space 
S S (X) to be space of current a such that A s a G L 2 {X) Let U an open subset in X. Define uniform 
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(with respect to p) local Sobolev space p^ 2 )S s loc (U) = {a G A''(p 1 {U)), V0 G C~(f7), (9 o p)a G 

Let p*(2)«S 3 '.A 1 '' 9 be the sheaf associated to the presheaf C/ -> p*(2)£f oc (?r 1 (U)) n ^4 /P ' 9 (7r 1 (f7)) 
and set p„ (2) S-M™ = ©p+^nP*^)^-^' 9 , P*(2)<S +00 »4- = n neN p*(2)<S n .A'- 

Let D : C°°(X,E) — > C°°(X,E') be a differential operator on X, acting on hermitian vector 
bundles. Let £( 2 ) H DomD be the sheaf generated by the presheaf U — > L 2 (U,E) n DomD of 
square summable section a such that Da is square summable. 

Also p*(2)(£ (~l Domd) is the sheaf generated by the presheaf {/ — > [£(2) D DomD](p~ 1 (U)). 

Note that these are sheaves of Af(G, C)— modules. 

Lemme 3.0.5. 

1) (p*(2)^*,d) is a A/"(G,C) — resolution o/p*(2)C. 

2) Let fc G NU{+oo}, i/ien (p» (2 )S fe ~*„4K, d) * s a AT {G,R)- resolution o/p*(2)R and (p*(2)«S fc ~*.4£, d) 
is a Af(G,C) — resolution o/p*(2)C 

3) p,(a)5M p ' 9 p,( 2 )5 3 / «u is a /me A/"(G) s/iea/. 

Lemme 3.0.6. Let fc G N, fc > n. Lei L 6e £/ie Hodge filtration. 

1) Morphism (p*(2){l*,d,F) —> {p^^S k ^* A* ,d, F) is a filtered quasi-isomorphism. 

2) Following complex is exact in jV(G, C): 

-y p„ (2) r! p A p» (2) SM p <° A p, (2) 5 fe - 1 ^ 1 A . . .^ (2) 5^"^" -»• . 

Proof. One filters complex (p*( 2 )»4* D Domd, d) with the Hodge filtration. Then 

(p*(2)'? fc ~*-4*! ^) -P 1 ) ~ >■ (p*(2)-^* H Domd, F, d) is a filtered morphism. 

_P*(2)-4 P ' 9 n Domd n Kerd 

Ei —term of the spectral sequence of this complex is -r= . 

9(p i>(2) ^>«- 1 nL>omd) 

Let / be a (p, q)— form (g > 1) on a strictly pseudoconvex domain f/i CC C™ wich is in DomdC\ 
Kerd. Then / G Dom-Q. From Takegoshi [33], f = dd Nf + d dNf the last term is vanishing 
for dN = Nd on Dom-Q. Hence / = d(d*Nf) and (d* Nf) is in Ff+ 1 (i7i) (usual Sobolev space m 
euclidian space) if / is in 7Lf oc (J7i) . 

Let U be an open charts of X biholomorphic to some ball L?(0,2) in C". Then 7r _1 (L7) ~ 
U x G, let B(0, 1) ~ Ux CC [/. Then any a G (p*( 2 )-4 p ' 9 n Domd n Kerd)(f7) ( > 1) defines 

{d*Na {UlX{g} ) geG G [£ 2 (7r -1 (I7 1 ) nW] n P,( 2 )5 a+ U p, «- I (t7i) if a G p„ (2) S s A p < 9 ([/). This 
proves that 

p» (2) ft p A p„ (2) (^ p '° n Domd) 4 p^iA"' 1 n Domd) 4 . . .p* (2 )(A p > n D Domd) -> 

and 

-> p» (2) tt p 4 p» (a) 5*X R0 4 p*^" 1 ^' 1 4 . . .p H2) S k - n A p ' n -> 
are exacts. Hence (p*( 2 )iS fc ~*^l*, d, D) — >• (p*( 2 )„4*nDomd, F, d) is a filtered quasi isomorphism. □ 

3.0.7. Defines d p : S k - p (X) -> S*-*- 1 '** 1 ^) where ^(X) = T(l > , A p ) n ^'(1) with Sobolev 
norm = ||A : 'a|| i 2. 

Defines d q : S k ~ q ' ip ' q) (X) -> £fc-9-i.(p.9+i) (jf ) where S j ' {p ' q \X) = T(X, A p,q ) n S j (X) with 
Sobolev norm \ \a\\j — \ \A 3 a\\L2. 

Then A k is an isometric isomorphism from Si''(X) — > ''(X) and operator d and A commute 
if the metric is Kahler . 

Definition 3.0.8 (Shubin [3"2]prop 1.13, Liick [2"3"]chap. 1). 

i) Recall that a G—equivariant bounded operator f : Hi — > H 2 is G—Fredholm if dimjq^Kerf* < 

+00 and if f* f = J \dE\ is the spectral decomposition of f* f , then there exists A > such that 

TrcE\ = dimjs[(Q)ImE\ < +00. 

ii) A bounded complex [L',d') of Hilbert G— modules is G—Fredholm if ffijdj : ffiiL; — > ®iLi is 
G—Fredholm. 
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Lemme 3.0.9 (Atiyah [I], see also Shubin [35], Liick [53]). The complexes of Hilbert modules 
(15) (r(I,A M )nS^(i),9) and {T{x,A p )ns k - p {x),d) 

are G—Fredholm. 

Corollary 3.1. 

ZmtL . 

1) = is a dim^iQ) torsion module. 

Imd q 



— , Iind 

2) Va; e Imd„, 3r 6 AT(G) suc/i t/iai ker(r) = and re € Imd q , so that U{G) ®n(g) =^ = 0- 

Imd q 

Proof. 

1) Lemma 2.12 of Shubin [52"] implies that T = d q : H\ = Imd* q+1 H 2 = Imd q is G—Fredholm, 
hence lemma 1.15 of Shubin [32] implies that ImT is G— dense in its closure: Ve > 0, there exists 
L e C ImT, a closed G— invariant subspace, such that 

dimGImT L e < e. In this example, one may take L c := Im(d o lu e)+00 r(A^)) (fonctional 
calculus) with n e > small enough. 

JffiJ 1 

This is equivalent to dim^tQ\ImT = dim^iQ)ImT hence dim^tc) = 0- 

1 ' ' K ' ImT 

2) Applies the T- lemma 12X51 □ 

Analogue proof holds for elliptic morphism between vector bundles: 

Theorem 3.2. Let (E',d) be an elliptic complex (da differential operator of order one) between 
vector bundles. Let (S J ~' {X ,p* (E'), d) be the associated Sobolev complex on p : X —¥ X. 

1) The complex (S°~' {X ,p* (E'),d) is G—Fredholm 

Imd Imd 

2) Module is of G— dimension zero andli{G) ®n(G) ; = 0- 

Imd Imd 

This implies that if d : L 2 (X, E) — > L 2 (X, F) acts as unbounded elliptic operator, then U(G) ® 



- — ; = 0: One uses conjugation by (1 + d*d) 1 and (1 + dd*) 1 . Example of current in negative 
Imd 

Sobolev scale (e.g. Dirac mesure on a point) is also instructive. 

Corollary 3.3 (Dodziuk [10)1. Combinatorial reduced I 2 — cohomology and analytical reduced 
L 2 — cohomology are isomorphic in N(G) Tdim . 

Proof. Let (G. , 8) be a simplicial structure on A: G& is a collection of closed differentiable 
k— dimensional simplices and 5 is simplicial boundary. 

If A is a sheaf on X, let (C'(A),5) be the differential sheaf defines by U — > Usee A(S D U) 
(Godement [T^II.5.2). Then (G'(p*(2)C), 5) is a resolution of p*(2)C and 

(G"(p*( 2 )C), S) — > (G'(p»( 2 )5 fc_ 'A c ), S + d) is a quasi-isomorphismof J\f{G)— sheaves. Each term in 
theses complexes are T(X, .)— acyclic, sheaves S k ~ ' A'^ are fine. Hence (Godement [17)11.5.2): 

H k (X, P<2) C) ~ H k (r(X,Cip H2) C))) ~ H k {2) (X) . 

Let (G., S) be the pullback simplicial structure. Then 

H k (T(X,C-( P<2) C))) — jv(g) H k (Hom c[G] (C.,l 2 (G))). 

Reduction with respect to torsion dimension Tdim gives result for combinatorial (see I2.6.3[) or 

Imd 

analytical (see above) modules ; are of vanishing dimension. □ 

Imd 

Let H' d (2) be space of square integrable A^— harmonic forms and ^gv*) ^ e s P ace °f square in- 
tegrable Ag— harmonic (p,q)— forms. Let be the complex with trivial differential, and 

Hodge filtration. Then E p ' q = F&f = E p r q , Mr > 0, for the metric is Kahler. 

o{2) 
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Lemme 3.3.1. Assume metric is Kahler. Let T^^L be the space of square integrable harmonic 
(P,q)- forms. 

1) Let t be a torsion theory such that r&? . — > H-'!*. is an isomorphism in Mod(N(G, C))/ T . 
Then: 

1) Spectral sequence for (r(X,A*) D S k ~*{X),d,F) in the category Mod(N(G,C))/ T degenerates. 
Differential d is strictly compatible with F in Mod(N(G,C))/ T . 

ii) E™^E™^H™ 2) inN(G,C) /T . 

2) Dimension torsion theory fullfilled assumption of I). 

Proof. F p T(X,A r ) n S k ~ r (X) = ® P ' +q = r ,p>>pT(X, A p '<«) n S k - (p ' +q) (X) 
Hence, 

(££'Vo) —N(G) (T(X,A^)nS k -^(X),d) 

and 



Kerd q n p /(BLmd q Imd q 

(E, , dl ) _ N(G , C) _ N{GtCi _ w(GiC) H m © , 

from the Kodaira decomposition. Then i : (U d[2) ,F) -> (r(X,A*) n S k ~*(X),d,F) is a mor- 
phism of filtered N(G)— module. Let r be a torsion theory on N(G,C) such that £a(i) is an 
isomorphism in N(G)/ T . Then E r (i) are isomorphisms for any r > 1. But spectral sequence of 
^H'd{2)iF) degenerates so that spectral sequence for (T{X, A*) n S k ~*(X), d, F) degenerates at Ei 
in N(G,C) /T . 

□ 

Definition 3.3.2. Torsion theory generated by C — \Coker(l-&J — > H^' q ), p,q > 0} is the 

o(2j c*(2) 

smallest torsion theory on Mod(N(G)) wich satisfies above lemma. Let t-q (or t-q -g) be the torsion 
theory it defines on Mod(N(G)). 

Theorem 3.4. Let X be a Kdhlerian manifold and p : X X be a G— covering. Let k > n. 

1) (i) ((p*(2)&', d), F) — > ((p*(2)S A:, d), F) is a filtered quasi-isomorphismof Af(G)— sheaves such 
that GrFP*(2)S k ' A is T — acyclic. 

ii) (p*(2)^' 'i d) — > {p^(2)S k ^' A ^ d) is a quasi-isomorphismof M{G)— sheaves. 

This last quasi isomorphism defines a real structure on M.j^iq){X, (p*(2)^', d)) compatible with 
real structure given by Godement resolution and pseudo isomorphism C'p*(2)C — » (p„( 2 )f2',d). 

2) Let t > t-q be a torsion theory on Mod(N (G)) . Frolicher spectral sequence 

H*(x, PH2) n p ) => up+i(x, PH2) n*) ~ N (g,o H p +«(x,p <2) c) , 

wich is isomorphic to 

degenerates in Mod(N (G)) i T so that d is strict for F in Mod{N{G)) i T : 

Gr p F HP+i(X,p H2) C) ~Mod(N(G,C)) /T H«(X,p <2) W) 

3) Assume that r is real. Then Hodge filtration on hypercohomology 

i 7 '']HI(p H ,(2)^*) := Im(H(i 7 ''p t (2)51*) — ► H(p*(2)^*)) an d its complex conjugate F is k— opposed on 
H (p t (2)^') i n Mod(N(G, C)) i T . It defines a pure Hodge structure of weight k on H fc (p„(2)K) in 
Mod(N(G))/ T . (see definition \JlU\ ) . 

Proof. 

1) i) Filtered quasi-isomorphismwas proved in lemma 13.0.61 
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ii) Second quasi- isomorphism is a consequence of p* ( 2 ) C — > (p*(2) O' , d) and p* (2) C — ?> (p* ( 2 ) <S fe '.A' , d) 
are resolutions. But (Afc, d) = (A^, d) ®% C and the following diagram is commutative: 

P*(2)«- >~ (p*( 2 )0',(i) 



(p, (2) 5 fc -n^,d) 0*(2)<5 fc -A c ,d) 

(2) These sheaves are T(X, .)— acyclic, and T(X,p^t2)S 3 A ) = S J, '(X) for X is compact. 
Hence Mr{X,p <2) Q-) ~„ (a) ff(S*-"(X), d), 

Note that p, (2) 5M' is such that p^SM^^-Gr^ (p» (2 )«5 j >l p+9 ) is r(X, .) -acyclic. Hence 
spectral sequence for (H'(p*p})^")> cr) is (isomorphic) given by spectral sequence of N(G)— modules 

J ET p+ «(S fc -'-(jf),<i) <s= £f 9 = H q (S k --- p ' ( - p '-\d) . 
It degenerates in Mod(N(G, C)) /r . 

□ 

Definition 3.4.1. Le£ R be a ring wich is also an R~algebra. Let r and t be torsion theory on 
Mod(R) such that r is smaller than r. 
A A (r,r) Hodge complex (Kr, (Kr^c, F)) of weight m consists in 

1) .4 bounded below complex of modules Kr in Mod(R) T ' 

2) A bounded below filtered complex of module (Kr^c, F) in Mod{R®<C) T '^c. 

3) A pseudomorphism of bdd below complex a : Kr --■» Kr^c (first comparison morphism) in 
Mod(R) T i such that a ® Id : Kr ® C --■» Kr®c * s a pseudo-isomorphism. 

Isomorphism H(Kr)® < C^H(Kr®c) (in Mod(R® ( C) T '^ 1 c' ) defines a real structure on H(Kr<%c)- 
One requires that 

1) d is strictly compatible with F in Mod(TZ ® C) / T ®o 

2) F and F are m + k- opposed on H k {K R ® c ) ~ H k (K R ) ® C in Mod(R ® C) T(8C - 

Note that category Mod(i?) i r is abelian and admits inductive limits (Gabriel[T2] prop. 9 p. 
378). Hence, one may consider the category A4(R) / T > of sheaf with value in Mod(il) i r i. Then 
functor localisation Mod(i?) — > Mod(i?) i T commute to inductive limits. 

Definition 3.4.2. 

B On a topological space X, a (r , r) — cohomological Hodge complex (ICr, (ICr^c, F)) consists in 

1) A bounded below complex ICr in Ai(R) / T > 

2) A bounded below filtered complex (ICr^cF) in M. (R ® C)/ T '®c- 

3) A pseudo-morphism of bdd below complexes a : ICr ---> K.r®c (fi r st comparison morphism) in 
A4(R) 1 ft such that a ® Id : ICr ® C — - » ICr^c is a pseudo-isomorphism in Ai(R ® C) T '^c an d 
RT(IC) is a (t' , t)— Hodge complex. 

Notations 3.4.3. 

C If t' = (0, Mod(i?)) is the trivial torsion theory, one says that (ICr, (JCr^c, F)) is a 
r— cohomological Hodge complex of sheaves. 

In the following, we will mostly deals with r' = (0, Mod(i?)) the trivial torsion theory. Hence 
we will mostly used complexes of sheaves of N(G)— modules. 
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Example 3.4.4. 

1) We have seen that (p Ht ( 2 )R, (p*( 2 )^')> ct) is a CHC mod dim^^c) torsion, or 7*r^ (|2.4.7p . with 
a : p„( 2 )R ~~ ► (p*(2)^') natural map such that a ® lc is a quasi-isomorphism. In diagram 

RT( P<2) R) Rr(a) . RT(p <2) n-,F) -^1 i?r(p t(2) 5 fc -M*,rf,F) 



r(^ (2) 5 fc -M*,d,F) 

maps RT(i) (Hodge to de Rham) and m (racyclic sheaves) are filtered quasi isomorphism. There- 
fore if r > 1, 

J5 r (JZT(i),F)o.E r (ro,.F)- 1 : £ r (L(«S fc -*.4*,d,F)) -S.£J r (i?r(p t(2) fi',F) 

defines isomorphism of spectral sequences. First degenerates mod dimj^(Q)- 
2) Assume that A — > A is such that each connected componants Xi of X is compact (and G is 
transitive on fiber). Let Gi be the stabilisator of Xi and let be restriction of p to Xi. 
Then d, 9 have closed range. Indeed 



S k *(X) 3a^(g^ g,a [jit ) € ^ 2 (G, S fc * (A\)) G - 

is a G— equivariant isometric isomorphism wich commutes with d, d. But taking invariant with 
respect to Gi is exact on Q [£?<] — module, hence HK\(X) ~ l 2 (G, H k (Xi)) Gi . Then cohomology is 

reduced, and Hodge structure is isomorphic to that of Aj(twisted by that of ? 2 (G,C)). 

In general, if J 7 is a sheaf for wich j?*( 2 ).F is defined then L 2 — cohomology is separated and 

H k 2) (X,p <2) F) —n(g) l 2 (G,H k (Xi,p*F)) G * 

dim c H k {X h p*T) 



and dim N(G) l'(G, H«(Xi,p*F)y 



\Gi 



3.5. Addendum: Smoothing of cohomology. It is well known that cohomology of current is 
isomorphic to cohomology of smooth form. Here we insist on uniformity with respect to action of 
G. 

Lemme 3.5.1. Let U be some open set in X. Then H-(T(U,S°°A)) -> H(T(U,S k ^A) is 
an isomorphism. In particular, for any closed form a in T{X,A P ) D Dom(l + A) r , there exists 
7) e T(X, S r - 1 A p - 1 ) x r(X,S°°A p ) such that a = df3 + 7 

Proof. Note that (p*(2)<S°°~'.4.', d) — > (p*( 2 )5 fc ~ A, d) is a quasi isomorphism. Result follows for 
theses sheaves are flabby. □ 



4. mixed Hodge structures. 
In this section, one follows notations of Peters Steenbrick [28] Chap. 4: 

Let A be a complex manifold and D C A be a normal crossing divisor. Let j : U — X\D — > X be 
the injection. Then fl x (logD) is the Ox subsheaf of of meromorphic form with logarithmic 
poles on D: a £ fl x (logD) if a and da := j*dj*a have pole of order at most one on D. If 
p 6 A is such that in a chart (z) : V — > D(0,l) n one has D n V = {z\ Zk = 0} then 

— . . . — -, dzk+i, ■ ■ ■ , dz n is a free basis of fl x (logD). Then QP x (logD) = A p fl x (logD) is a 
Zi z k 

locally free Ox sheaf. 

Call (V, (z)) a standard chart and let (A*{— — — }) be the free C— antisymetric algebra 

Zl Zk 

, dzi dz k 
built on , . . . . 

Zl z k 
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Weight filtration W is denned by 

!0 for m < 

n p - m A ft™ (log D) for < m < p 

fl x (logD) for p < m 

4.0.2. Residues. Let D — U^tDi be the decomposition of D into irreducible smooth componants. 
If / is a subset of T, set aj : D r = n ie /A -> X , D(m) = U|j| = ;Dj and a TO = Ua/ (£>(0) = X, 
a0 = Id ). 

Let i e T. Defines 

Resi = ResDi ■ £l x (logD) — > a^O^ 1 (LogDi n -Dj)) • 
In a coordinate neighborhood (£/, (z)), Reso (v A — — + rf) = 77m. if 77 and 77' do not contain — -. 

Zki Zk 

Then ResD k is Ox linear, commute with d. 

Let / = (ii, . . . , ifc) be an ordered fc uplet. Defines 

Res 1 = Res %1 o . . . o i?es ifc : Vt x (logD) -> 0,1*0,^™ {LogDi n (Y^ Dj)) . 

Then i?es/ is Oj>c— linear, commutes with d. A permutation a of 1, . . . , fc defines another fcuplet 
u(J). Then Res a m = (-l) s%9n ^ Resi. Let A{ej, i G T} be the free antisymetric algebra on T. 
Let I £ T k , set A 7 e := A ... A ei fc . Let /, J be fc— upplct such that the unordered sets are equals 
then 

Ae 1 ® itesj = Ae J <g> Resj . 

Therefore if {/} is a fc— subset of {1, . . . ,N}, there is a well defined map Res^iy :— Ae 1 ® Resi. 
One sets Res m = ©|{/}| =m -Res{/}. Choice of an ordering on T gives a trivialisation 

Res m — ®i 1 <...<i m Res(i li ...s m ) ■ 

such that 

(16) Res m : (Gr^Q x (logD), d) -y a m *(0^ )5 d) 

is an isomorphism of complexes (Deligne [HJ3.1.5.2). 

Let p : X — > X be a covering (not necessarly connected) with group of deck transformation G. 
If / : Y — > A is a continuous map, let /*p : 1" — > Y be induced covering. 

From lemma [2.7. 4| the following complexes are well defined. 

Proposition 4.1. 

1) Maps of filtered complexes 

(17) (p <2) n x (logD),W,d) £ (p <2) n x (logD),T,d) A (?'.0»*(a)fiff,r,d) 

are filtered quasi isomorphism. 

2) 27ns defines an isomorphism between the Leray spectral sequence for j*(j*p)*( 2 ) < C and i/ie spectral 
sequence for the hypercohomology of the filtered complex (p*( 2 -\Q x (logD),W, d) 

3) One deduces N(G,C) — isomorphisms: 

W(X,p H2) n x (logD)) ~ EI-(*, j.p.pjfi*) ~ H-(A \ D,p <2) Q x ,) ~H-(X\ D,p <2) C) . 
Proof. 

0) Corresponding statement without p^ 2 ) is proposition 3.1.8 of Deligne [6]. Moreover let (V, (z)) 
be a standard chart for D in X ( so that Dnf= {zi = . . .2/. = 0}). 

Define a residu map R m : T(V \ D, il m ) n Kerd -> C c(m ' k) through integration on m— cycles 
flzij = ei, . .., \z im \ = e m }, 1 < i\ < ... < i m < k. 

It is known (seeGriffiths Harris [19]) that dT(V\D, fl" 1 ^ 1 ) = Ker(R m ). An explicit (continuous) 
left inverse S m is construct in Griffiths Harris [19 . It maps logarithmic forms to logarithmics forms. 
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Fix a trivialisation p^iV) ~ U geG gV x . This defines i? m(2) : r(p -1 (y \ L>),p» (2) fT™) n Kerd -4 
Z 2 (G) c(m ' fc) and S m(2) : Keri? m(2) -> r(p- x (y \ D),p*( 2 )n m_1 ) a left inverse to d wich maps 
logarithmic forms to logarithmic forms. 

Then f(G, C) ® (A m {^i, . . . }) -> tf m (r(^ 2) tt x (Z . 9 ,D)), d) -> £T m (r(y \ D, P<2) Q), d) 

provides required isomorphism. 

1) Maps a and (3 are filtered morphisms. We proved that p 2 *£l x (logD),d) — > (j*(j*p)*r 2 )Qi/,d) 1S 
a quasi-isomorphismhence a filtered quasi-isomorphismfor the canonical filtration. 

One has 

p»( 2 )i?es p : Gr p p 2 *Cl x (logD) — a*f2^~ p ®oP2*0 ~ a r p 2t ,n^ p 

for p*(2)0 is a flat 0— sheaf, later isomorphism is proved in Campana Demailly [4]prop. 2.9 . 

These isomorphisms commute with d. But D p — > D p is a covering of a manifold. Hence 
T-L l p2*^l'jj P = ii i ^ p and is isomorphic (say as Af(G)— sheaf) to p*( 2 )Cg if i = p ( Lemma 

E73D- 

Hence Spectral sequence degenerates, one deduce that H l (p^^ 2 )ft x (logD),d)) — a *P*{2)^-D p as 
J\f(G) — sheaf and that a is a quasi-isomorphism. 

2) Note that (.7*(p)*(2)^£/) d) is a JV(V) — resolution of (j*p)*r 2 )C by j* acyclic sheaves: This follows 
from Campana Demailly [3]theorem 3.6 and j is a Stein morphism. Then R p j*(j*p)*( 2 ) < C ~ N{v) 

This defines a pseudo- isomorphism {Rj*(j*p)*( 2 )C 7 r) = (j*C*(j*p) H »( 2 )C, r) — » (p( 2 )*^x*>^) 
wich composed with E r (a) o L^/?) -1 induces an isomorphism of spectral sequences. 

3) Quasi-isomorphism (p^^Q x (logD), d) —> (j*P*(2)^x*,d) gives 

M-{X,p <2) n x (logD)) ~ H'(X, j*p <2) n x .) ~ H'(X \ D,p <2) Q x ,) ~H'(X\ D,p* {2) C) 
as AT(G, C)— modules. 

□ 

Definition 4.1.1. Let fee t/ie Serre category generated by Uictt-q f )j (see \3.3J2\) 

Lemme 4.1.2. 

1) Li £/ie following diagram, f x and f 2 are quasi-isomorphisms: 

0Rj*Cfp)* (2 )R,T) — (Rj*(f P ) H2) C,r) — ^ {Rj*{fP)*{2)^u,r) 

h 

{p*(2)V x {logD),W) < (p* {2) n x (logD),T) ^— * (j'*0'*P)*(2) fi t/) r ) 

2) TTiis defines Second comparison morphism f3 : (Rj*(j*p)*t 2 )^,T) — » (p*(2)^jf (JogD), W) such 
that (3 <g> lc : (Rj*{j*p)*(2) < C, T ) —+ {p*{2)^'x(^°9^ > ) , W) is a pseudo- isomorphism. 

3) Let t > 7*Tg be a real torsion theory. 

Then p*( 2 )lC := [(Rj*(j*p)*( 2 )NL, r = W); (p*( 2 }Q x (logD), W, F),f3] is a mixed Hodge complex of 
Af(G,R)-sheaves: RT(Gr^K) is a Hodge complex of weight p in Mod(N(G, C))/ T (see {3~Jl\ ). 

Proof. 

According to 12.1.11 

i?M.f p)*(2)K) ® c 2 ^i c fli.((7*p)*(2)C) 

is a 7V(G)— isomorphism. This defines a filtered isomorphism for the canonical filtration. From 
Prop. 14.11 and exactness of Godement resolution, f x is a quasi-isomorphism. Also f 2 is quasi- 
isomorphism. Hence /i, / 2 are filtered quasi-isomorphism. Then /3 is defined through 

E x 0) = E x {a)E x {f 2 o p)- l E x {f x )E x {i) 

so that 

E x p ' q 0) : ^(j*(i*p)* (2 )M)<W 9 =* ^^((Grf Q x (logD),d)) . 
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Then /3 ® lc is an isomorphism (E r ([3 Cg> lc) r > 1 is an isomorphism). 
3,a) 

Lemme 4.1.3. The residue morphism 

Resp : Gr^p H2 )^x( l ogD) a £)p ^Q,-~ p 

maps 

RPj*p t(2) R[-p] 4 Gr;iy^ (3) H R ^ P a Bp j2iir)-v p<2) R[- P ] 
Proof. See Deligne 6 prop. 3. 1.9. □ 
3,b) According to example 13.4.41 

is &Af(G, R) — Hodge complex of sheaves mod r. So does its — th Tate twist (see Peters Steenbrick 
[28]p. 51). 

Hence (i? p j*p„( 2 )R[— p], Gr^p„^ 2 )^'x a p := (2iir) p a) is a cohomological Hodge complex 
of sheaves mod t : RT(Gr^ K) ~ i?r(/C^ ) is a Hodge complex. 

□ 

4.2. Mixed Hodge structures. 

Definition 4.2.1. Let R be a ring wich is also an R— algebra. Let t be a (hereditary) torsion 
theory on Mod(R). 
1) A mixed Hodge structure H = (Hr, W, F) in Mod(R) i r is given by 

1) a left R— module Hr 

ii) a filtration W of Hr in Mod(R) i T 

hi) a filtration F of C <S> Hr in Mod((C ® R))/ T ®C such that Wc,F,F are opposed (see Deligne 
^1.2) in Mod((R® C))/ T(8C . 

2) A morphism of mixed Hodge stucture f : H — > H in Mod(R) i T is a morphism 

f € HomMod(R) /T {HR,H' R ) such that f is compatible with W and fc is compatible with F. 

From Deligne [g] theorem 1.2.10, one deduces: 

Theorem 4.3. Category of mixed Hodge structure in Mod(R) i T is abelian. A morphism f : H — > 
H between MHS in Mod(R) i T is strict for filtrations. 

In this article, we use only mixed Hodge complexe over R— algebra. This reflects the use of 
l 2 (G,R). Therefore one does not use first comparison morphism. 

Definition 4.3.1. (Following [28] ) 

Let R be a ring wich is also an R— algebra. Let r , r be torsion theories on R such that r is smaller 
than t. 

MHC mod (r', r): 

A mixed Hodge complex mod(r , t) ((Kr, W), (Kr^c, W, F)) consits in 

1) A bounded below filtered complex (Kr, W) in Mod(R) / T > 

2) A bdd below bifiltered complex (Kr^c, W, F)) in Mod(R (g) C) / T >gjC an d a pseudo-morphism (3 : 
(Kr, W) —■* (Kr^c, W) (second comparison morphism) in the category of bounded below filtered 
complex in Mod(R) i t i inducing a pseudo- isomorphism j3 ® Idc '■ (Kr ® C, W) —■* (Kr^c, W). 

3) such that for each n, (Gr^ (Kr), (Gr^ (Kr^c,F)) with pseudo- morphism 

Gr™ (/3) : Gr™ (K R ) — Gr™ (K R ® C ) 
is a Hodge complex mod(r' , r) of weight n . 

Example 4.3.2. If r 1 = (0, Mod(i?)) is the trivial torsion theory (no torsion submodule), then 
a (t,t)— mixed Hodge complex will be refered as a r— mixed Hodge complex. Therefore com- 
plexes and pseudo-morphisms are data in Mod(-R) and properties of degenerescence are assumed 
in Mod(-R)/ T . 

The following is the "lemme des deux filtrations" (Deligne [6]1.3 and Deligne [7]7.2): 
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Theorem 4.4. Let {{Kr, W), (Kr^c, W, F)) be a mixed Hodge complex mod(r' ', r). Then recur- 
rente filtration and direct filtration induced by F on E p,q (-Jf&giC) W) are equal in Mod{R® l C) / T ®C- 

Proof. We have following data within a torsion theory r' smaller than r: There exists a left fraction 

'K T . 



qis ^ 

(K R ,W) (K r ® c ,W,F) 

with Pi a morphism in Mod(i?) T ' and a morphism in Mod(i?®R C) T /®c such that /?i ® lc is a 
filtered quasi isomorphism. If, r > 1, morphisms 

(18) EM := £ r (X K , W) -> £ r (X^ c , W) 

(19) £V(j8i ® lc) := E r (K R ®C,W)^ E r {K' mc , W) 

(20) E r ((3 2 ) := ^(^c, W)^£ r (X^ c , W) 
define morphisms of spectral sequences 

(21) E r (/3) = E r {fc)- X o E r {fix) 

(22) £ r (/3 c ) = Erifo)- 1 o S r (ft (g, l c ) 

Then E r (f3\) <g> lc — E r (f3i ® lc) is an isomorphism. Moreover morphism of spectral sequences 
E r (f3) defines a real structure a r on E r (KR®c, W) such that d r is real, for one has 

d r ~ (E r (/3) ® l c )(dr ® lc) 

Note that real structure induced on E r+ \ ~ H(E r ) by B r is the same than its real structure. d r 
is compatible with direct filtrations and their conjugates. 
One reduces mod r: 

a) One obtains a real structure mod r on each term of the spectral sequence, with d r real and 
compatible with direct filtrations. 

b) From Deligne [6] (1.2.10) generalised in I4.3[ category of mixed Hodge module modr is abelian. 

1) By hypothesis, Fd — Fd* = F rec and their conjugates define a Hodge structure mod r of weight 
— p + (p + q) = q on E p ' q = H p+q (Gr_ p ) . But d\ is real and compatible with F so that it is a 
morphism of Hodge structure in Mod(i?) i T . It is therefore strict for F in Mod(i? ® C) / T ®c- 

2) Proposition (7.2.5) in Deligne 7 implies that on E2, Fd = Fd* = F rec mod r®C. From b above, 
(E v,q , ct p,q , F rec ) is a Hodge structure of weight q mod r. But c?2 is real and compatible with F rec 
and its conjugate: d 2 is a morphism of Hodge sructure in Mod(i?) i T . This implies that d 2 is strict 

mod t <g> C. But c?2 : ~~ ^ £f +2 ' 9_1 is a morphism of Hodge structures of different weights. It 
must vanish. 

An induction argument implies that d r = if r > 2. 

3) Therefore the following sequence is exact for any 1 < r < +00 and for any p: 

-> E r (F p K, W) -> B r (if, W) E r (K / F p K) 
and one conclude from section (7.2) of Deligne [7]. □ 

One gets our first theorem on mixed Hodge structure on / 2 — cohomology 
(compare with theorem 3.18 of |28j): 

Theorem 4.5. Let T be junctor of global section over X , from the category of 7V(G,R) — sheaves 
of modules (resp. J\f(G) — sheaves of modules) to the category of N(G,M)— modules (resp. 
N(G) — modules). Let RT be its derived functor realized through Godement resolution. 
Assume that a torsion theory r is chosen so that for each peZ, 

RT{Gr™K,) := [{YRPj*p <2) W), [RTGrf P<2) n x {logD),F), RT(Gr™P)} 

is a Hodge complex in N(G, R) / r , then 
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iZT(£) := [(TRj*p* (2) R, (TRj,p H2) R,r), {RT PH2) fl x (logD),W,F),RT(f3)} 
is a mixed Hodge complex in N(G,M)/ T . Therefore: 

i) spectral sequence in N(G,C) / T ®c 

Er Plfl (flrp. (2) n jr (^i?),W) ~H-P+«(Gr7p» (2) n x (Zo. 9 £>)) Gr^Er^^ {2) Sl x {logD)) 

degenerates at E 2 — terms. 

ii) Differential d x on E^ p ' q (RTp„ {2) Q, x (logD),W) ~ H~ p+9 (Gr^p,, (2) ft x (Zo. 9 £>)) is reaZ 7 and is a 
morphism of Hodge structures in Mod(N(G))/ T . In particular d\ is strictly compatible with F. 

iii) Through isomorphism Gr^HT p+ «(p» (2) R) ® C -4 Gr^H-P+^p^fi^Zog-D)), ifte tfodfle /ZZ- 
tration induces a Hodge structure (mod t). It is the same than the Hodge structure induced by 
isomorphism E 2 {RTp 1e (^D, x (logD) , W) ~ E 00 (Rr Pt t 2 \ft x (logD), W). 

iv) Spectral sequence in N(G,C) / T ®c 

E™{RTp <2] Sl x {logD),F) = W+*(X, P<2) n x (logD)) H^(X,^ (2) ^ x (/o. 9 ^)) 
degenerates at E\ 
Proof. 

1) Recal that C'(.) is an exact functor to the category of Flabby Sheaves. 
Let 

91, c 



(RTRj*p <2) R,T) (RTRj mP<2) C,T) (RTRj* (p*( 2 ) &'u-> T ) 



KT(P) 



HT(/ 2 



(flr P „ (2) nj c (iq ff £>),w) -|U (i?r(p, (2) r! x (z ^)),r) — L_U (j?r(i^ (2) n-),r) 

Kl (p) 

This defines pseudo- morphisms 

(23) (3 2 = RT0) : (RTRj* P<2) R,T) — » (RTp <2) n x (logD), W) 

(24) foe : (RrRj* P<2) C, T)--*{RTp <2) Q, x {logD), W) 
Set ffl = flr(/i) o JJT(i). Then ffl , c = Si ® l c . 

With notation of previous theorem defines P 2 — g 2 o 53 and (3\ ~ g\. Then 

E™(Rr P<2) Sl x (logD), W-) = H' }+ "(Gr p w _Rrp H2) n x (logD)) ~ ^'(iZTGr^fi* (logD)) 

has a Hodge structure of weight q mod r. One conclude from above theorem and section 7.2 of 
Deligne [7]. 

□ 

Example 4.5.1. Let t-q jj be the Serre category generated by 



{^|, 9 : ® p , q , I S k -^\l) I ) -> © p , g ,z5 fc -«- 1 '^'«+ 1 )( J D 7 ) } 

(A; big enough, = X). Then J*Tg q (|2.4.7I) is the smallest torsion theory wich fulfills above 
assumption. 

Let £ be a (finite) simplicial structure on X such that D is a subcomplex. Let F = {-Fijiep be 
the collection of closed 2n— dimensional simplex. Set F\D = {Fi\D}i^i. Then H k {T\i<ziFi,K) = 
and H k (D ie i(Fi — D),K) = for any k > 1 and any locally constant sheaf X. Therefore H k (X \ 
D, (7*p)*(2)C) ^Ar (G , C ) H k (F\D, Cfp)* (2) C) for each closed (inX\£>) set (F\D)j := n^^-D) 
is simply connected (see Godement [17 p. 207). Natural complex Z[F\D] lifts to a Z[G] — complex 

Z[F\~D]. Then 

\ £>, (f p)* (2) C) ^ (G ,c) H k (Hom c[G] (nF\D} : Z 2 (G))) . 
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Corollary 4.6. There exists mixed Hodge structure on H k (Homc[Q^(Z[F \ D], l 2 (G))) 

in Mod(N(G)) 1 * T - - . In particular in Mod(N (G)) Tdim , there exists a mixed Hodge structure on 

H [2) (X\D). 

4.7. CHMC mod (t',t). A (V, r)— cohomological mixed Hodge complex of sheaves 

K- = ((£r,W); (JCc,F,W),[3) could be define by complexes of sheaves of N(G)/ T > — modules and 
quasi isomorphism (3 in that category, such that for all m G Z, Gr^K, is a (t', t)— cohomological 
Hodge complex of sheaves (see I3.4.2p . 

Example 4.7.1. 

1) K := [(Rj^ {2) R,(Rj, PH2) R,T),(p H2) n x (logD),W,F),0)] is a (0, 7 *r^ )-CHMC. 

2) Recal (Iversen [22 p. 99 and p. 315) that if p : X —> X is a covering map with group G of deck 
transforms between locally compact space, then functor pip* from category of sheaves on X to 
category of Z[G] — sheaves on X is exact (moreover, one has isomorphism p\p*(F) ~ (piZ) ® F has 
Z[G] — sheaves). 

Then tensoring over C[G] by N(G) gives a functor from category of R— mixed Hodge complexes of 
sheaves on X to category of N(G)— mixed Hodge complexes of sheaves modulo dimension function: 

functor N : Sheaf over X — > A/"(G) — sheaf over X given by T — » M(G) ®c[G] P\P*F is exact for 
a local model is induced trivial module tensorised with C[G]. There are natural maps 

(25) N(G) ®c[G] V\V*F l 2 (G) <8>c[G] P\P*F s.t. n®f — > n(6 e ) <E> f 

In case of holomorphic coherent sheaf (or locally constant sheaf) this map falls into p*{2)F- But 
is far from being surjective. 

However, if one reduce to the category of sheaves in Mod(iV(G)) Tdiln! then one gets from usual 
CHMC K. on X a CHMC mod(r dim , r dim ) M(G) ®pw*K. 

4.8. Interpretation of (E\,di). In order to interpret d\ through Gysin morphism, one uses the 
smooth logarithmic complex (see Griffith Schmidt 20 p. 73): 

Definition 4.8.1. Let p*(2)£°°' '(logD) be subsheaf of j*[(j*p)*(2)S°°A'] such that a germ 
a belongs to \p^S°°'-(logD)] x iff 

(26) haej4(j*p) H2) S°°A] x and hda € j4U*P)*m S °° '•*]* 
with h a defining equation for D at x. 

From its definition, (p r ( 2 )S°°' (logD), d) is a complex. Moreover 
Lemme 4.8.2. p <2) S°°- (logD) =p Sf{2) S 00 A ®o Q x (logD). 
Proof. 

I) One first recall a proof in a coordinate chart (V, (z)): Hypothesis implies that ha and (ha) A 

—extends as smooth forms. Assume that h = Z\ ...Zk in (V, (z)) and that ha = ^""^ fiidz 1 with 
h 1 

fj 1 smooth forms on V without any dz%, . . . ,dzk- Then 7 = (ha) A — — = —dz 1 A dz l is a 

h Zi 

q\a\+\b\ 

smooth form on V\ {z% . . . z^ — 0} such that any of its partial derivative . 7 admits a limitc 

dz A dz B 

on V H D. Let p e (zi = 0) \ (z 2 z k = 0). Then 



(27) 0= lim z 1 — nl = lim V — -^Pidz 1 A dz' 

V\D3p'^p 8z U V\D3p'^p^ Zi dz B 



(28) = J^hbW A dzl 

Hence 1 4 I =>■ T^rsPiip) = 0. By continuity, this holds for any p G {zi = 0}. This implies 

az a 

(Malgrange [35], Schwartz [3T]th.2) that ai 6 zi.4'(V). Renaming of coordinates proves therefore 
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that i I => a 7 e Zi>t'(V), hence /?/ £ z K_/ „4'(y) (.31 th.3) and a = ^!~lhr~T is in 



z 1 
i 



A ® tt x {logD)(V). 

2) But z A'(V) is a closed ideal, therefore surjective maps ai — > z K ~ I ai are open: For all 
compact ATi C V, all mi g N, all / C {1, . . . , K}; 3K 2 C V, m 2 G N and a constant C > such 
that lla/llcnf/f!) < C , ||z /f_/ a/|| cm2 ( K2 ). This implies that p^S°°Q x {logD) = p„( 2 )5 00 ^l' ®o 
Ck x (logD). D 

Lemme 4.8.3. Sheaf p^^S 00 A is a flat Ox module. 

Proof. From Malgrange [25], this is true without growth: For any finitely generated ideal X x C O x , 
let V a neighborhood of x such that one has a finite presentation 

O k {V) A O p {V) 4 1(F) -> 
p 

(map r gives module of relations and g : h — > is given by generator of X(V)). 

i=l 

Flatness of C°°(V) on 0(F) implies that (C°°(V)) k -> (C°°(F)) P -> Z(V).C DC (V) is exact. 
Hence Im(r) is closed and above exact sequence splits. If F is small enough, pullback of this 
splitting defines a splitting of p <2) S°° A {V) k -> p» (2) 5 oo ^ (V A ) p -> l(V).p H2) S°°A (V). So that 
Torf^OJ/^^S 00 ^) = (see Tougeron [M]L4). □ 

Corollary 4.9. 

1) (p*r 2 \Q x (logD),d) — > (p^^S 00 '' (logD), d) is a quasi-isomorphism. Moreover 

(p H2) Sl x (logD),d,W,F) -> (^ (2) 5°°-G 05 D),d,W,F) 

is a bifiltered T acyclic resolution. 

2) Let I be a p—upplet from {1, . . . , AT} i/ien t/iere is a map 

i?es, : p H2) S°°*(logD) -> p^S^'^logDi n^Dj) . 

m 

4) In the following diagram, maps are filtered quasi isomorphisms. 

(GrWp H2) n x (logD),d,F) ^2—* (ai.p. (2) fi£-' d, F~ l ) 



(GrFp* {2 )S°°>-(logD),d,F) -^V ( a ,,(o op), (2)t S°°^,d,F^) 

4.9.1. Gysin morphism. Let / be a p~ subset of {1, . . . , , A^}. 

Fix (hermitian) metric on Dj and choose an orthogonal splitting T(X)\ Dl ~ Tr>j ® N Dl / x . For 
any e small enough, exponential map induces a diffeomorphism 

N Dl/x (e) Uj 




This defines a retraction rj by composition of ej with bundle projection N Dl / x Dj. In 
the following, one sets rj := L/D,(e p ) — > Dj with ei,...,e„ (n = dimX) choosen as follows: If 
J is a p— subset, let p > q and considers those q— subset J contained in /. Then one required 
C\j c iUj(t q ) C Ui(ep). (e.g. intersection of tubular neighborhoods of Di, and D 2 is included in the 
tubular neighborhood of D\ n -D 2 )- Then rj is smooth submersion hence r\ maps local Sobolev 
space of order s to local Sobolev space of order s (tensor product of separated variables commutes 
to Fourier transform). 
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Let Sfe be a section of [Dk] vanishing on Dk- Fix hermitian metrique hk on [Dk], such that 

|sfc(x)| = 1 if x ^ J7fc(e'i) with e', < e±. Let % = dlog\sk\- Poincare-Lelong formula reads 

2iir 

d[rik\ = [-Dfc] ~ ci(hk) and these currents are supported in compact neighborhood of Let 
J 6 {1, ... , N} p , defines 777 = 77^ A ... A 7? ip . Then 

(29) supp(uji A 77./) CC f7ij(e|j| + i) . 

Lift of this construction by the covering map gives same diagram with bounded geometry. Note 
that a connected componant of ir~ 1 (Ui(e p )) contains only one connected componants of n~ 1 (Di). 
Let I e {1, . . . , N} k . Let n,T]i,... denotes restriction of P*(t , p (/)),P*?7p(7), ... to p" 1 (£//). 

Let [a] e H q - 2p (D I ,p^ 2) S k —A). FromGHU one may assume a £ T(p- 1 {D I ),A q ~ 2p ) n„ eN 
L>oto(1 + A^)™. Then r}{a)r)j E F(C//(e' 1 ),p H , ( 2) t S 00 ^~ p (/o 5 L>)). Denote by the same symbole its 
extension by zero to X. Then rj(a)rii G T(X ,S°° ,q ~ p (logD)) and Resi(r}ar]i) = a. Any class in 

E-P+ q (X,p H2) (Gr™n- x (logD),d)) has a representative ^^r|a/?7/ e F(X, 5°°'- (logD)), with 
the convention that / — > oti is antisymetrical in /. So that a/ = (— l)*a 4 . Then, 



d(r> /??J ) = + (-l) 9 - 2p rKaj)^(-l)Wi - (-l) 9 ~ 2p $>Ka - 

d^OrT?, = (-1)^^ £ r* ^a^,,,))^ 
i?es {J} d^r;a/?7/ = (-l) 9 ~ 2p a}(^ w;r* ja hJ ) ® A J e 



Hence 



(30) di [ £ ax ® A'e] = [ £ (-I) 9 " 2p a}(£ a< ® A J e] 

/eTp ,/etp- 1 ieT 

4.10. L 2 — characteristics. Let rgim be torsion theory such that Tdim — {M S Mod(iV(G) : 
dim^fg) M = 0} (see Luck 23 ). Corollary 14.61 implies that H(X \ D, (j*p)*( 2 )C) is computable 
(in Mod(N(G(R)) Tdim ) through simplicial structure. Moreover in Mod(A r ((7))/ r<i . m , one has 
H k {X,p <2) Sl p x {logD)) ~ H± (2) (X,n x (logD)) (reduced cohomology). 

Then weight spectral sequence degenerates at E 2 and Hodge spectral sequence degenerates at 
Ex. Hence in Mod(N(G))/ Tdim 

Gr p F H n (X \ D, (j*p) <2) C) = H n {T) p -{X, n p x {logD)) (reduced cohomology) 
is finite N(G)— dimensional and 

n n 

(31) Y.^ i y dim N{G)Gr Fv H\X\D,(fp) <2) £) = Y f (-l) i dim N[G) Gr F ,H i {X \ D, C) 

(32) X(2)(X\D)=x(X\D) 

Note in particular that F n H k = Gr n F H k ~ H k - n (K ® [D]) in Mod(N(G)) /riim . 

4.10.1. MHS on normal crossing divisor. MHS on normal crossing divisors as in El Zein |12)section 
3.5 is clearly transposable to L 2 — cohomology as soon as a torsion theory is choosen so that E\ 
term of weight spectral sequence is a Hodge structure in Mod(N(G))/ T . 



5. Examples. 

5.1. First terms of unreduced (Ex, di) complex of the weight spectral sequence reads: 
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6 H° (2) (D 3 ) Hf 2) (D 2 ) -A* Hf 2) (A) H? 2) (X) 

5 4 2) (^ 2 ) — Hf 2) (A) fff 2) (X) 

4 fl? 2) (£ 2 ) — ^( 2 2 )(^i) # ( 4 2) (*) 

3 H(2)(A) 

2 ff(°2)(£l) fl?2)(*) 

1 H\ 2) {X) 

H? 2) (X) 

Gr^_ Gr^_ Gr w \ Gr° w _ 

5.1.1. Homology at column Gr^_ gives Gr^H (J7) = Im(H (2) (X) -> tf (2) (X \ £))). Hence 
kernel of restriction mapping is isomorphic modulo some torsion theory to image of the Gysin 
homomorphism. 

5.1.2. First unreduced E\— term of the Hodge filtration is (surface case): 

2 ff (2) (0) - ( P<2) Q x (logD)) ^ ^ 2 . , K [£>]) 



ff(2)(0) H 1 (p. (2) nj c (/o fl £>)) — H^{K <g> [£)]) 



flf 2) (0) A_ ff ( P>t (2)^A-(^)) — H° 2) (K®D) 



Gr° F Gr F Gr 2 F 

5.1.3. Simplicial structure. Top line of (£?i(W),di) is interpreted through simplicial complex as- 
sociated to divisors: In general Dj is not connected. Let Tk be a set wich parametrized connected 
componant of Um = fc.D/. Let Tfc 3 I — > £>/ be a set wich parametrize connected componant of 
7r _1 (U|/| =fc £>7). Then G acts on Tk and p induces a projection p : Tk — >• Tfc. 

If 7 e T fc or Tfc, then rj, . . . denotes restriction of p*(r p ^), ... to Ui that connected componant 
of p _1 (L/ p ( / )) wich contains Dj. 
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If dimcX = n, then H^T (Dj) (top reduced cohomology) is either vanishing non compact) 
or one dimensional spanned by a fundamental class Cj. 

In general closedness of Imd : L 2 (I)/, A 2 " _2fc_1 ) ->■ i 2 (£>/, A 2n_2fc ) is controlled through 
amenability of G/Gi with Gi stabilisator of one irreducible componant of Dj. 

A I— simplexe is an element (I, o) 6 T\+i x {1, . . . , N} 1+1 such that L>i is a compact (non empty) 
submanifold of p~~ 1 (rii£ Di) (hence one remember order of intersection) . (J, o) is a face of (I, o) if 
,0/ C Dj. 

Choice of support (f29|) implies that ajUiiTjCi (see (|30|) ) is closed in Z?j. Then 

/ uj^jd = / r*jCi = 1 
JDj JbinDj 

for now there exists only one i £ Ti such that £>i n £>,/ = Z)j . 
Identifications 

(33) H^- 2p (D p ) 3 a = {aid) -> (a/) e J 2 (T P ) 

and i/- p +"(Grf t S fe -A(/ 05j D)) 3 a -)• 1 ]T »W, )>7{j 1 o) 6 r (* ,P*(2)<S°°" (logD)) (with a (7 , o) 

P ' 

is antisymetrical in o), gives 

/: DjDDt 

This is combinatorial boundary map. 

5.2. Hence weight Gr^H^ q {X\D) occur (in Mod(N (G)) / Tdim ) only through compact con- 
nected componant of codimension q. 

5.2.1. Nori string. Assume connected componant of pullback of smooth divisors D\, . . . ,D n are 
compact submanifolds. Then only the first column of the E\ term are non reduced. But if one 
reduced modulo 7*t^ ^ (the real torsion theory generated by Coker{H^^(X) — > H^'^(X)}) , then 

any term has a Hodge structure. Therefore cohomology of X \ D has a mixed Hodge structure in 
Mod(Ar(G)) 7 * r ^. 

If dimX = 2, homology of H°(D 2 ) -t H 2 (D{) -> is I 2 — homology of graph T whose edge E 
are points in D 2 and vertices S are connected componant of D\. Hence one has multiple edges 
between two vertices. Then 

li) Gr^H 2 is N(G) / 7 . T _ t -isomorphic to H m (T) = Ker(d : 1 2 {E) -> 1 2 {S)) (after a choice 

of G— orientation), 
lii) Gr^H 3 is N(G) x -isomorphic to Coker{d : l 2 (E) -> Z 2 (S)). 

Assume furthcmore that group G is non amenable, then both boundary map d and 

coboundary map d* have close range for graph T is quasi isometric to a Cayley graph of 

G. There is no harmonic square integrable function on this graph, hence Coker(d : l 2 E — > 

l 2 (S)) = 0. Therefore Grf H 3 = in N{G) /rTSi . 

liii) Hf 2) {X) = for non amenability implies that c?3->.4 has closed range. 

2) Grj^i/ 2 is N{G)/ 1 - T - —isomorphic to kernel of 

qo d\ : H 2 {Di) 3 (on) —> r*(aj) A A (orthogonal projection). 

i 

This map vanishes if group G = fti(X) is non fibered and this is the case if there exists 
a Nori string in X the universal covering space of X. 

3) Weight 1 part of H} 2 \ (X \ D) is N{G) / 7 * r ^ A —isomorphic to kernel of 

(Aj) — ► AjWj — > - H 2 2 )(A > ) (orthogonal projection) . 
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Hence described by forms XiUJi orthogonal to H^) C^O ■ Let uji = h. t + 6i with 6i G 

i 

Imd and h l harmonic part of Wj. Then J hi A uij = J uji A ujj for ^ (UmcJafci)^ 

1 i i n J dotkiUij = by compactness of suppujj . Therefore J ujiAujj— J hiAhj. Therefore 
an element (A,) in Ker(q o di) must satisfies 

l 2 (T) 3A4 Q(A) := J J2 A ^ A ** u * ■ 

is vanishing. But 

Lemme 5.2.2. Intersection form on D\ is negative definite. 

Proof. It is well known that compact submanifold in non compact covering of compact 
manifold X cannot be of strictly positive self intersection (see e.g. Campana [3]). But if 
D 2 = then any divisor Dj different from Di wich intersects Di would satisfies (Dj + 
kDi) 2 > if k is big enough. □ 

Corollary 5.3. There exists a constant c > such that — Q(A) > c||A||( 2 ) on function with 
compact support. If G is non amenable, then this hold on I 2 (T) . 

In particular, Gr$yHf 2) (X\D) = in Mod(iV(G)) 7 . r75 . . 

References 

[1] M. F. Atiyah. Elliptic operators, discrete groups and von Neumann algebras. In Colloque "Analyse et Topologie" 
en I'Honneur de Henri Cartan (Orsay, 1974), pages 43-72. Asterisque, No. 32-33. Soc. Math. France, Paris, 
1976. 

[2] Glen E. Bredon. Sheaf theory, volume 170 of Graduate Texts in Mathematics. Springer- Verlag, New York, 
second edition, 1997. 

[3] F. Campana. Negativity of compact curves in infinite covers of projective surfaces. J. Algebraic Geora., 7(4):673- 
693, 1998. 

[4] Frederic Campana and Jean-Pierre Demailly. Cohomologie L 2 sur les revetements d'une variete complexe 
compacte. Ark. Mat., 39(2):263-282, 2001. 

[5] Jeff Cheeger and Mikhael Gromov. Bounds on the von Neumann dimension of L 2 -cohomology and the Gauss- 
Bonnet theorem for open manifolds. J. Differential Geom., 21(l):l-34, 1985. 

[6] P. Dcligne. Thorie de hodge ii. Publ. Math. I.H.E.S, 40:5-58, 1971. 

[7] P. Deligne. Thorie de hodge iii. Publ. Math. I.H.E.S., 44:5-77, 1974. 

[8] Spencer E. Dickson. A torsion theory for Abelian categories. Trans. Amer. Math. Soc, 121:223-235, 1966. 
[9] Jacques Dixmier. Les algebres d'operateurs dans I'espace hilbertien (algebres de von Neumann). Gauthicr- 
Villars Editeur, Paris, 1969. Deuxieme edition, revue et augmentee, Cahiers Scientifiques, Fasc. XXV. 
[10] Jozef Dodziuk. de Rham-Hodge theory for L 2 -cohomology of infinite coverings. Topology, 16(2):157-165, 1977. 
[11] H. A. Dye. The Radon-Nikodym theorem for finite rings of operators. Trans. Amer. Math. Soc, 72:243-280, 
1952. 

[12] Fouad El Zein. Introduction a la theorie de Hodge mixte. Actualites Mathcmatiqucs. [Current Mathematical 

Topics]. Hermann, Paris, 1991. 
[13] Philippe Eyssidieux. Invariants de von Neumann des faisceaux analytiques coherents. Math. Ann., 317(3):527- 

566, 2000. 

[14] M. S. Farber. Homological algebra of Novikov-Shubin invariants and Morse inequalities. Geom. Funct. Anal., 
6(4):628-665, 1996. 

[15] Peter Freyd. Representations in abelian categories. In Proc. Conf. Categorical Algebra (La Jolla, Calif., 1965), 

pages 95-120. Springer, New York, 1966. 
[16] Pierre Gabriel. Des categories abeliennes. Bull. Soc. Math. France, 90:323-448, 1962. 

[17] Roger Godement. Topologie algebrique et theorie des faisceaux. Hermann, Paris, 1973. Troisieme edition revue et 
corrigee, Publications de l'lnstitut de Mathematique de l'Universite de Strasbourg, XIII, Actualites Scientifiques 
et Industrielles, No. 1252. 

[18] Jonathan S. Golan. Torsion theories, volume 29 of Pitman Monographs and Surveys in Pure and Applied 

Mathematics. Longman Scientific &; Technical, Harlow, 1986. 
[19] Phillip Griffiths and Joseph Harris. Principles of algebraic geometry. Wiley Classics Library. John Wiley & 

Sons Inc., New York, 1994. Reprint of the 1978 original. 
[20] Phillip Griffiths and Wilfried Schmid. Recent developments in Hodge theory: a discussion of techniques and 

results. In Discrete subgroups of Lie groups and applicatons to moduli (Internat. Colloq., Bombay, 1973), pages 

31-127. Oxford Univ. Press, Bombay, 1975. 



SOME MIXED HODGE STRUCTURES ON I 2 -COHOMOLOGY OF COVERING OF KAHLER MANIFOLDS 1.27 



[21] Alexander Grothendieck. Sur quelques points d'algebre homologique. Tohoku Math. J. (2), 9:119-221, 1957. 
[22] Birger Iversen. Cohomology of sheaves. Universitext. Springer- Verlag, Berlin, 1986. 

[23] Wolfgang Luck. L 2 -invariants: theory and applications to geometry and K -theory, volume 44 of Ergebnisse 
der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in 
Mathematics and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics]. Springer- Verlag, 
Berlin, 2002. 

[24] Xiaonan Ma and George Marinescu. Holomorphic Morse inequalities and Bergman kernels, volume 254 of 
Progress in Mathematics. Birkhauser Verlag, Basel, 2007. 

[25] B. Malgrange. Ideals of differentiable functions. Tata Institute of Fundamental Research Studies in Mathemat- 
ics, No. 3. Tata Institute of Fundamental Research, Bombay, 1967. 

[26] F. J. Murray and J. Von Neumann. On rings of operators. Ann. of Math. (2), 37(1): 116-229, 1936. 

[27] Gert K. Pedersen. C* -algebras and their automorphism groups, volume 14 of London Mathematical Society 
Monographs. Academic Press Inc. [Harcourt Brace Jovanovich Publishers], London, 1979. 

[28] Chris A. M. Peters and Joseph H. M. Steenbrink. Mixed Hodge structures, volume 52 of Ergebnisse der Mathe- 
matik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics 
and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics]. Springer- Verlag, Berlin, 2008. 

[29] A. Thorn R. Sauer. A spectral sequence to compute I 2 — betti numbers of groups and groupoids. 
larXiv:0707.0906t /3. 

[30] H. Reich. Group von Neumann algebras and related algenras. PhD thesis, Universitat Gottingen, 1999. 

[31] Laurent Schwartz. Division par une fonction holomorphe sur une variete analytique complexe. Summa Brasil. 
Math., 3:181-209 (1955), 1955. 

[32] M. A. Shubin. L 2 Riemann-Roch theorem for elliptic operators. Geom. Fund. Anal, 5(2):482-527, 1995. 

[33] Kensho Takegoshi. Global regularity and spectra of Laplace-Beltrami operators on pseudoconvex domains. 
Publ. Res. Inst. Math. Set., 19(l):275-304, 1983. 

[34] Jean-Claude Tougeron. Ideaux de fonctions differentiates. Springer- Verlag, Berlin, 1972. Ergebnisse der Math- 
ematik und ihrer Grenzgebiete, Band 71. 

[35] Lia Vas. Torsion theories for finite von Neumann algebras. Comm. Algebra, 33(3):663-688, 2005. 

[36] Claire Voisin. Theorie de Hodge et geometrie algebrique complexe, volume 10 of Cours Specialises [Specialized 
Courses]. Societe Mathematique de France, Paris, 2002. 

P. DlNGOYAN, UNIVERSITE PARIS 6„ CASE 247, 4 PLACE JUSSIEU, 75252 PARIS CEDEX 05, FRANCE. 
E-mail address: dingoyanOmath.jussieu.fr 



